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BLACK RING SOLUTIONS IN 5D HETEROTIC STRING THEORY:
A FULL FIELD CONFIGURATION
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We show how to obtain a non–supersymmetric black ring configuration in the framework of 5D
Heterotic String Theory using the matrix Ernst potential (MEP) formalism, which enables us to
include non–trivial dilaton, gauge and antisymmteric tensor fields.
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1. 3D effective action and matrix
Ernst potentials
We shall begin with the 5D effective action
of the heterotic string at tree level
S(5) =
∫
d5x | G(5) | 12 e−φ(5)
(
R(5)+
φ
(5)
;M φ
(5);M− 1
12
H
(5)
MNP H
(5)MNP − (1)
1
4
F
(5)I
MN F
(5)IMN
)
,
where G
(5)
MN is the 5D metric, φ
(5) is the
5D dilaton, F
(5)I
MN = ∂MA
(5)I
N − ∂NA(5)IM
and H
(5)
MNP = ∂MB
(5)
NP − 12A
(5)I
M F
(5)I
NP +
cycl. perms. of M,N,P. Here B
(5)
MN is the
anti–symmetric Kalb–Ramond field and
A
(5)I
M (I = 1, 2, ..., n) is a set of U(1) vec-
tor fields. In Ref. 1 it was shown that af-
ter imposing two commuting Killing vectors,
the resulting stationary theory possesses the
U–duality symmetry group SO(3, 3+n) and
describes 3D gravity
gµν=e
−2φ
(
G(5)µν −G(5)m+3,µG(5)n+3,νGmn
)
, (2)
coupled to the following set of three–fields:
a) scalar fields
G ≡Gmn=G(5)m+3,n+3,
B ≡Bmn=B(5)m+3,n+3,
A ≡AIm=A(5)Im+3,
φ = φ(5)− 12 ln|detG|,
(3)
b)tensor field (we set it to zero in this report)
Bµν=B
(5)
µν−4BmnAmµ Anν (4)
−2(Amµ A2+mν −Amν A2+mµ ) ≡ 0,
c)vectors A
(a)
µ =
(
(A1)
m
µ ,(A2)
2+m
µ ,(A3)
4+I
µ
)
(A1)
m
µ =
1
2
GmnG
(5)
n+3,µ,
(A3)
4+I
µ =−
1
2
A(5)Iµ +A
I
nA
n
µ, (5)
(A2)
2+m
µ =
1
2
B
(5)
m+3,µ−BmnAnµ+
1
2
AImA
4+I
µ
where the subscripts m,n = 1, 2; and a =
1, ..., 4 + n. All vector fields in three dimen-
sions can be dualized on–shell as follows:
∇×−→A1= 12e2φG−1×[∇u+(B+ 12AAT )∇v+A∇s] ,
∇×−→A3= 12e2φ(∇s+AT∇v)+AT∇×
−→
A1,
∇×−→A2= 12e2φG∇v−
(B+ 12AA
T )∇×−→A1 +A∇×−→A3.
(6)
Thus, the effective stationary theory de-
scribes gravity gµν coupled to the scalars G,
B, A, φ and pseudoscalars u, v, s. These
matter fields can be arranged in the follow-
ing pair of matrix Ernst potentials 2:
X =
(−e−2φ+vTXv+vTAs+ 12sTs vTX−uT
Xv + u+As X
)
,
A =
(
sT + vTA
A
)
, (7)
1
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where X = G +B + 12AA
T . These matrices
have dimensions 3×3 and 3×n, respectively.
Thus, the effective stationary theory adopts
the following form in terms of the MEP:
S3=
∫
d3x |g | 12
{
−R+Tr
[
1
2
∇ATG−1∇A+
1
4
(∇X−∇AAT )G−1(∇X T−A∇AT )G−1
]}
,
with X = G + B + 12AAT , and hence, G =
1
2
(X + X T −AAT ) and B = 12 (X − X T ).
In 2 it was also shown that there exist
a map between the stationary actions of the
heterotic string and Einstein–Maxwell theo-
ries:
X ←→ −E, A ←→ F, (8)
where matrix transposition is also inter-
changed with complex conjugation ; E and
F are the gravitational and electromagnetic
complex Ernst potentials of the stationary
Einstein–Maxwell theory 3.
In the language of the MEP the latter
stationary action possesses a set of isometries
which has been clasified according to their
charging properties in Ref. 4. Among them,
the so–called normalized Harrison transfor-
mation (NHT) acts in a non–trivial way on
a seed spacetime: it allows us to construct
charged string vacua from neutral ones pre-
serving the asymptotical values of the initial
fields. Namely, the matrix transformation
A→(1+ 12ΣλλT)(1−A0λT+ 12X0λλT )−1×
(A0 −X0λ) + Σλ,
X →(1+ 12ΣλλT)(1−A0λT+ 12X0λλT )−1×[X0 + (A0 − 12X0λ) λTΣ]+ 12ΣλλTΣ,
(9)
where Σ = diag(−1,−1; 1, 1, ..., 1) and λ is
an arbitrary constant 3 × n–matrix parame-
ter, generates charged string solutions (with
non–zero potential A) from the neutral seed
ones X0 6= 0, and A0 = 0. This solution–
generating technique allows us to generate
the U(1)n electromagnetic spectrum of the
effective heterotic string theory starting with
just the bosonic spectrum of string theory.
2. Charging a neutral black ring
We can apply the NHT on a seed solution
corresponding to the 5D neutral black ring of
Emparan and Reall 5 (see also Ref. 6):
ds2 = −F (x)F (y)
(
dt+R
√
λν(1 + y)dψ
)2
+
R2
(x−y)2
[
−F (x)
(
G(y)dψ2 + F (y)G(y)dy
2
)
+
F (y)2
(
dx2
G(x) +
G(x)
F (x)dφ
2
)] (10)
with
F (ξ) = 1− λξ , G(ξ) = (1 − ξ2)(1 − νξ).
Here R is the radius of the ring, F (ξ) has
the root ξ1 = λ
−1, and G(ξ) possesses three
roots: ξ2 = −1 , ξ3 = +1 , ξ4 = 1ν . Thus,
the solution has two dimensionless parame-
ters λ and ν.
The variables x and y take values in
−1 ≤ x ≤ 1 , −∞ < y ≤ −1 , λ−1 < y <∞ .
In order to balance forces in the ring, one
must identify ψ and φ with equal period
∆φ=∆ψ=
4pi
√
F (−1)
|G′(−1)| =
2pi
√
1 + λ
1 + ν
. (11)
This eliminates the conical singularities at
the fixed-point sets y = −1 and x = −1 of
the Killing vectors ∂ψ and ∂φ, respectively.
For avoiding conical singularities at x =
+1, we have two cases:
1) By fixing
λ = λc ≡ 2ν
1 + ν2
(black ring) (12)
makes the circular orbits of ∂φ close off
smoothly also at x = +1. Then (x, φ) param-
eterize a two–sphere, ψ parameterizes a cir-
cle, and the solution describes a black ring.
2) If we set
λ = 1 (black hole) (13)
the orbits of ∂φ do not close at x = +1. Then
(x, φ, ψ) parameterize an S3 at constant t, y.
The solution describes the black hole of My-
ers and Perry with a single rotation parame-
ter 7.
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Both for black holes and black rings, |y| =
∞ is an ergosurface, y = 1/ν is the event
horizon, and as y → λ−1 an inner, spacelike
singularity is reached from above.
The parameter ν varies in the range
0 ≤ ν < 1 . (14)
As ν → 0 we recover a non–rotating
black hole, or a very thin black ring. At the
opposite limit, ν → 1, both the black hole
and the black ring result into the same solu-
tion with a naked ring singularity. If one con-
siders λ as an independent parameter which
can be eventually fixed to the equilibrium
value λc. If λ adopts values different from
(12) and (13), then whenever ν < λ < 1 one
finds a black ring solution regular on and out-
side the horizon, except for a conical singu-
larity on the disk bounded by the inner rim
of the ring (x = +1). If ν < λ < λc then the
ring is rotating faster than the equilibrium
value, and there is a conical deficit balanc-
ing the excess centrifugal force. If instead
λc < λ < 1 then the rotation is too slow and
a conical excess appears. If λ ≤ ν the horizon
is replaced by a naked singularity. Finally,
the solution with λ = λc is the equilibrium,
or balanced black ring.
The mass, spin, area, temperature and
the angular velocity at the horizon for the
black ring are given by
M0 =
3piR2
4G
λ(λ+ 1)
ν + 1
, (15)
J0 =
piR3
2G
√
λν(λ+ 1)5/2
(1 + ν)2
, (16)
A0 = 8pi2R3λ
1/2(1 + λ)(λ− ν)3/2
(1 + ν)2(1− ν) , (17)
T0 =
1
4piR
1− ν
λ1/2(λ− ν)1/2 , (18)
Ω0 =
1
R
√
ν
λ(1 + λ)
. (19)
Looking at the dimensionless quantity
27pi
32G
J20
M30
=


2ν
ν + 1
(black hole)
(1 + ν)3
8ν
(balanced black ring)
(20)
one sees that for black holes it grows mono-
tonically from 0 to 1, while for (equilibrium)
black rings it is infinite at ν = 0, decreases
to a minimum value 27/32 at ν = 1/2, and
then grows to 1 at ν = 1. This implies that
in the range
27
32
≤ 27pi
32G
J20
M30
< 1 (21)
there exist one black hole and two black
rings with the same value of the spin for
fixed mass.
This regime of non–uniqueness occurs
when the parameter ν takes values in
√
5− 2 ≤ ν < 1 (22)
for equilibrium black rings, and in
27
37
≤ ν < 1 (23)
for black holes.
3. Solution–generating Technique
This 5D neutral black ring constitutes a so-
lution of the heterotic string theory when
φ(5) = 0, A
(5)I
M = 0, B
(5)
MN = 0, (24)
and the corresponding MEP read
X =
(−e−2φ −uT
u G
)
, A = 0. (25)
After applying the NHT one obtains a
new field configuration that corresponds to
a charged black ring with non–trivial
dilaton, Kalb–Ramond and electromagnetic
fields. Similar results have been applied to
5D and 4D theories in Refs. 8–11. These
fields can be extracted from the respective
components of the generating matrix Ernst
potentials
X =
(X11 X12
X21 X22
)
, A =
(A1n
A2n
)
. (26)
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Thus, the 5D metric adopts the form
ds2 = GMNdx
MdxN =
Gmn
(
dxm+3+ω(m)dϕ
) (
dxn+3+ω(n)dϕ
)
+
e2φgµνdx
µdxν ,
where the metric components G ≡ Gmn and
e2φ read
G =
1
2
(X22 + X T22 −A2nAT2n)
and
e−2φ = −X11 + 12A1nAT1n+
1
8
(X12 + X T21 −A1nAT2n)G−1×(
2G−A2nAT2n
)
G−1
(X21 + X T12 −A2nAT1n) ,
and gµν is the spatial 3D metric.
The remaining 5D fields can be obtained
from the matrix expressions
B =
1
2
(X22 −X T22) ,
A = A2n,
v =
1
2
G−1
(X21 + X T12 −A2nAT1n) ,
u =
1
2
X T22G−1
(X21 + X T12 −A2nAT1n)−X T12,
s = AT1n−
1
2
AT2nG−1
(X21 + X T12 −A2nAT1n) ,
remembering that in order to recover the
non–trivial components of the 3D vector
fields one must make use of the dualization
relations (6) for the pseudoscalar fields.
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